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Abstract. Continued-fraction solutions to the matrix Riccati equation are discussed which
are constructed by using the concept of form invariance. It is demonstrated that this
technique is related to the AKNs method of deriving integrable nonlinear lattice systems.
This gives an explanation why continued-fraction solutions related to the Toda lattice were
obtained in a previous work.

Continued fractions corresponding to Kac-Van Moerbeke, discrete nonlinear
Schrédinger and discrete modified Kdv lattice equations are constructed. A method for
linearising the Kac-Van Moerbeke lattice equations is rederived and particular solutions
are generated. Our approach demonstrates the crucial role played by the boundary
condition at the finite end of the lattice for the existence of this method. These results are
extended to the other two lattice systems above in the semi-infinite case and corresponding
particular solutions generated in terms of Bessel functions.

1. Introduction
In a previous study (Common and Roberts 1986) continued-fraction solutions to the
matrix Riccati equation (MRE)

Zy(1) = Eo(1) + Go(1) Zo(t) + Zo( 1) Fol1) + Zo(1) Ho(1) Zo(1) (1.1

were considered, where for simplicity we take Z,, E,, etc, to be (n x n) matrices. They
were generated by making the sequence of substitutions,

Z, (1) = Up+ [ Nis1(1) = Zyi i (1)1 My (1) k=0,1,2,... (1.2)

where N, (t), M, (t) are (nx n) matrix functions of t and U, is an (n X n) constant
matrix. The elements N, M, of the resulting continued-fraction for Z, were determined
by requiring that all the Z, satisfied a MRE:

Z()=E()+ G (1) Z, (1) + Z (1) F (1) + Z (1) Hi (1) Z, (1) k=0,1,2,... (13)

with the same standard form G, =0, H, = 1. This requirement is satisfied when U, is
proportional to the unit matrix if

N (1) = Moy (1) = My (1) (1.4a)
M (DML () = Ny (1) = M (1) Ne (1) ML k=1,2,.... (1.4b)

These are equations for a Toda lattice (Toda 1976) and its matrix generalisation
(Bruschi et al 1980).
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In section 2 we will demonstrate that this unexpected result arises through a
connection with the AKNs method (Ablowitz er al 1973, 1974) for constructing non-
linear evolution equations solvable by the inverse scattering method. In the following
sections, various examples of these equations will be considered by taking different
standard forms of the MRE in (1.1) and other forms of linear-fractional transformation
corresponding to (1.2).

In section 3 the scalar lattice introduced by Kac and Van Moerbeke (1973) is
discussed and we suggest how it may be generalised to the matrix case. It will be
shown that the relation with the continued-fraction solution of the MRE (1.1) provides
a method for linearising these equations. This method differs from the usual inverse
scattering technique and is, for the scalar case, equivalent to that introduced recently
by Yamazaki (1987).

Our approach illustrates the important role that a boundary condition of the
half-infinite lattice plays in the existence of the above linearisation method. We use
it to construct special rational solutions of the Kac-Van Moerbeke (xvm) lattice
equations. They are related in a standard way to solutions of an half-infinite Toda
lattice.

Using the connection of our method with the AxNs approach, we extend our results
to the discrete nonlinear Schrodinger equation (DNLS) in section 4 and a discrete
modified Kdv equation (DMKdV) in section 5, both on a half-infinite interval. Here
again a linearisation of these equations is obtained, which is different from the usual
one, if a required boundary condition at the finite end is satisfied. Special solutions
are constructed which are different from those given by the standard inverse scattering
method.

2. Continued-fractions from the linearised Riccati equation

The MRE (1.3) is equivalent to the pair of linear equations
Xk = Gka + Ek Yk
. (2.1)
Yk=_Hka_FkYk k=0,1,2,...

when Z, = X, Y, whilst the linear fractional transformation (1.2) with U,=A1 is
equivalent to

f,:::g:*_‘f;:[M"”J’)‘N"“]Y"} k=0,1,2,.... (2.2)
Differentiating (2.2) and using (2.1), we find X, ,,, Y., satisfy (2.1) with k> k+ 1 when
Gier= Mt Mt = AN GeMihy =AM, HM L

— AN HM L — N EM L

My FM L = AN FM G (2.3a)
Eii1= Nisoy+ Nisy G + My, Hi + AN Hy

+F AN GM L Ny = Moy M Nis + AM g HM L Ny

+A2Nk+1HkM;-}-lNk+1+Nk+lEkM;-1-1Nk+l+Mk+leM;-}‘-lNk+1

+ AN FM L N (2.3b)
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Hk+1=EkM;j-1+AGkM;-L1+A2HkM;l1+)‘FkM;ll (2.3¢)
Fipy=-Gi— EkM;-]HNk+1 —AH, - AGkM;l-lNk-é-l
=AM HM 5 Ny =AFRM L Ny (2.34d)

Restricting the MRE (1.3) to a given standard form for k=0, 1,2, ... leads to relations
between the M, and N, which take the form of nonlinear equations. For instance, if
we require G, =0, H,=1for all k=0,1,..., we recover a previous result (Common
and Roberts 1986) that M,, N, must be solutions of the Toda lattice equations. On
the other hand, if we require Hy=1, U;=0, Gy=0, N, =ul where u is a scalar
constant then the M, must satisfy

#Mkﬂ(t) = M ()M (1) = My () Mii i (8) + [ M (t), My, (1)]
k=1,2,.... (2.4)

We will see in section 3 that in the scalar case this set of equations are essentially
those for the xvm lattice.

The axNs method may be used to generate the above evolution equations and
many others in the scalar case. A good survey of the method has been given by
Ablowitz (1978). It involves a pair of coupled evolution equations:

V(1) = Agvyi () + By (t) (2.5a)

Vo () = Cevy (1) + Dyvyy () (2.5b)
and an eigenvalue problem:

Viker(1) = AVt Quvak + Sivaien (2.6a)

Vars1(8) = (/X)) vg + Revie + Tevy oy (2.6b)

where the eigenvalue A is independent of ¢, k.

By choosing suitable forms for the Qx, Ry, S, and T, as functions of ¢ and taking
corresponding parametrisations of A,, B, C, and D, as functions of A, t, various
nonlinear lattice equations can be obtained as consistency conditions for (2.5) and
(2.6). For example, setting

R, =0 T,=1 Q= ~Bu(1) Se=[1-a,(1)] (27a)
Ac=A-B, Bo=B+(1—ar_,)/A Co=A De=1/A (2.7b)
then (2.5) and (2.6) are consistent if and only if
Bi(1) = ar-y(1) = (1) (2.8a)
di(aic (1) = Be(t) = Beaa(1). (2.8b)

Making the substitutions k> —(+k+1), a_, > M,, B_, > N,, we see immediately that
these consistency conditions are equivalent to those for the Toda lattice (1.4a, b).

It is now easy to see how our approach for generating continued-fraction solutions
to the MRE corresponds to the AkNs method. First of all the evolution equations (2.5)
and (2.1) are essentially of the same form. Also the eigenvalue equations (2.64, b) can
be solved for v, 244, to give linear equations which are of the same form as (2.2).
Our equations for the elements of the continued fraction for Z, are obtained by
requiring consistency of (2.1) with (2.2), so the connection with the AkNs method is
complete.
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3. The Kac—Van Moerbeke lattice

We have seen in the previous section that, taking the MRE (1.3) with H,=1 and
additionally G,=0, N, = n1, then the elements of the corresponding matrix continued
fraction:

Zy(t)=[pl-[pl=[pl-.. ] M;]7'M] 7'M, (3.1)

is a solution of (1.1) when the M, satisfy the relations (2.4). In the scalar case, setting
M (—t)= uy,(1), they become

Pie(8) =y [yer (1) = yi-1(1)] k=2,3,4,.... (3.2)

These relations, with the added boundary conditions

yi{t)y =y (t)ys(t) yk=>0as k>0 (3.3)

are the set of equations for the nonlinear lattice investigated by Kac and Van Moerbeke
(1975). Making a similar substitution in the matrix case by setting M, (—t) = pnY, (1),
in (2.4), they become

Yi(1) = Yiei () Yi(1) = Yi(0) Y () + [ Yi(1), Y, (1)] k=2,3,.... (3.4)

We suggest that these equations with the added boundary conditions

Y (t)=Y5(1) Y (1) Y.»>0as k> (3.5)

give the matrix generalisation of the Kac-Van Moerbeke lattice.

Recently Yamazaki (1987) proposed a method for linearising the nonlinear
equations (3.2) and (3.3) which does not require the boundary condition y,+0 as
k —» o used in the standard inverse scattering technique. We will now use our formulation
to rederive Yamazaki’s result and at the same time extend it to the matrix case.

For the standard form of MRE considered in this section, it is straightforward to
obtain E, and F, from (2.3) and hence show that in this case (1.1) has the form,

Zy(1) = M, (1) + Zo(D[(1/ )M (1) My(1) M (1)
=1/ p)M()+ M7 (OM (1) — p1]+ Zo(t). (3.6)
Consider now the matrix continued fraction
W(n)=vVulpl-Z(-n]"
=[A1-[A1=[A1...7'Ya ()] Y (] (3.7)
where A =+, the Y, satisfy (3.4) and (3.5) and a standard equivalence relation for

continued fractions has been used with (3.1). We have the following result.

Theorem 3.1. The matrix coefficients in the power series expansion

W(t) = i w (1)) A wo(t) =1 (3.8)

k=0

obey the linear relations:

@1 (1) = Wi, (1) = Yi( Do (1) k=0,1,2,.... (3.9)
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Proof. From (3.7)

Zo(—t) = A=A/ W(1) (3.10)
and substituting into (3.6)
W()==A1+[Y7'Y,Y, - Y, - Y'Y, + A2 1] W(1)

AW YT'Y,Y, - Y Y, IW(). (3.11)

We now see that the boundary condition (3.5) ensures that the term quadratic in W
vanishes. Substituting the power series (3.8) in (3.11) then gives the linear relations
(3.9) on equating powers of 1/A°

Since the elements Y, (t) of the continued fraction expansion (3.7) for W(¢) may be
expressed in terms of the coefficients w, () of its power series expansion, as we will
discuss below, the linear differential equations (3.9) give a linearisation of the nonlinear
equations (3.4) and (3.5). For the scalar case this is just the result of Yamazaki (1987).

Our method extends his result to the matrix case and also illustrates the crucial
role of the above boundary condition.

For the scalar case there are well known expressions for Y, (¢) in terms of deter-
minants with elements depending on w,(t), 0<!=<2k—1 (Jones and Thron 1980). They
are

Yy = Pi_Piir/ Poi Py k=0,1,2,... (3.12)
with
P,=P_ =1
and
Py =H P, =H" k=1,2,3,... (3.13)
where
W P 7 MU
H»=| - : (3.14)
Wpem—1 o+ Wpiom-2

are Hankel determinants. Generalisations to the matrix case have been discussed by
Wynn (1963).

Yamazaki has demonstrated that the linear differential equations (3.9) may be
further simplified by making the substitution

o (1) =67"()8ks, k=1,2,3,.... (3.15)
Then (3.15) gives a solution of (3.9) when
8i(t) = 8,1(1) k=1,2,3,.... (3.16)

This may be proved trivially in both scalar and matrix cases using the identity
Yi(t) = w,(1).

That we have linearised the kvMm lattice equations is illustrated by the following
result for the scalar case.
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Theorem 3.2. Let 8\, k=1,2,3,.. ., i=1,2, be the two sets of solutions of (3.16)
corresponding to boundary values y{"(t), i=1,2. Then §,=8"+6>, k=1,2,3,...,
is a solution of (3.16) corresponding to boundary value

yi() =[N (O LD+ yP () LD/ UL () + L(1)] (3.17)
where I,(t) =exp[f y{” dt].

Proof. The 8, are obviously solutions of (3.16). Also from (3.12) with k=1,

ylzw—0=-6—l=—-———_6(1“+5(]2) (3.18)

since wy(t) =1. The result then follows from the fact that
6§j>=exp[j yﬁj)dt] = [(1). (3.19)

Starting from any given 8,(¢), (3.16), (3.15) and (3.12) in that order lead to a solution
of the xvM lattice equations. A simple non-trivial case is when we choose 8,(t) =
D" exp(—t*), n=0,1,2,...,with D=d/dt. Then

(_1)k+n exp(tZ)Dk-Hl exp(_tZ)]
(=1)" exp(¢*) D" exp(—1?)

=(—1)‘<§;“;Z—f)’) kn=0,1,... (3.20)

wi (1) = (—l)k[

where we have used Roderigue’s formula for Hermite polynomials H;(t). For each
value of n=0,1,2,..., we then obtain rational solutions of the KvM equations.

In their original paper Kac and Van Moerbeke (1975) showed that solutions of
their lattice equations give solutions of the Toda lattice equations. The result may be
stated as follows.

Theorem 3.3. When y,(t), k=1,2,3,..., satisfy the kvm lattice equations (3.2) and
(3.3), then

M (t) =y (D ya_.(t) N (1) = yori () F y2u (1) k=1,2,... (3.21)
satisfy the Toda lattice equations
Ni() = Mo (1) = My (1) (3.22a)
My (M (8) = Newi(£) = Ni(1) (3.22b)

for k=1,2,..., and also the boundary condition
Ni(t) = M,(t)Mf](t)+J M, dt. (3.23)

The proof is by straightforward substitution. This result may be used for example
to generate rational solutions of the Toda lattice from the corresponding solutions of
the kvM lattice obtained from (3.20).
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4. Discrete nonlinear Schrodinger equation

The half-infinite DNLS equation is

104(1) = Quat () + Qs (8) = 2Qu(1) = 1 QDT Qe (1) + Qi (1)]

k=0,1,2,.... (4.1)
In the AkNs formalism, (4.1) is given by the consistency of the evolution equations:
i =i[1 =A%+ Q¥ 1 QuJvi Hil Qe /A — QA 1wz (4.2a)
Vo =i[QF/A — QF ATV +i(1/ A% — Qo QF — 1]y k=0,1,2,... (4.2b)
with the eigenvalue equation:

Vi1 = Avy+ Qibax (4.3a)

Va1 = QF vy + var/ A k=0,1,2,3,.... (4.3b)

Setting Z,(t) = v, {1)/ v2i(t) we can generate from (4.3a, b) the scalar continued-
fraction expansion:

1 Q/QE-1/QF Q/QF-1/Q¥
(QFA) A/QE+1/(QTA)+A/QF+1/(QfA)+...
which from (4.2q, b) is a solution of the Riccati equation:
Zy=i[Q-1/A = QoAl+i[2-A7=1/A*+ Q%, Qo+ Q-1 Q¥]Z,
+i[Q* A — Q¥/A1Z3. (4.5)

Just as for the xvM lattice discussed in the previous section, this equation can be
transformed into a single linear differential equation when a simple boundary condition
is satisfied.

Z,= (4.4)

Theorem 4.1. If the boundary condition Q_,(t)=exp(2i¢) holds, then W(t)=
[Z,(t) — A exp(2it)] 7! satisfies the linear equation

W=iQ¥/A —iexp(—2it)A —i[2+ A%+ 1/A%+ Q, exp(—2it) — Q¥ exp(2it)]W. (4.6)
The proof follows from substituting for Z; in terms of W in (4.5) and then using the
given boundary condition.

Using an equivalence relation for the continued fraction (4.4) for Z, and substituting
in the definition of W we find

1 F F. F.
=_[ vF, vF, vF, ] e 47)
ALI+Giy+1+ Gy +1+ Gy +. ..
with
Fi=Q% G, =exp(2it) Q§ 48)

FnEQt—l(Qn~2_1/Qﬁ—2) Gn=Q:—1/Q§—2 n=29 3’4,""

The expression in brackets in (4.7) has been called a T-fraction by Jones and Thron
(1980). It corresponds to a pair of formal power series expansions in ¥ and in y~',
i.e. given two such series

o - 0
L= k; ,U-kyk L= B Z ,ka)’k (4.9)
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there exists a T-fraction:

Fyy Fyy Fyy
1+Giy+1+ Gy + 1+ Gyy+. ..

such that, when it is expanded in powers of ¥y it gives L, and when it is expanded in

powers of y~! it gives L. The elements of the continued fraction are given by
B H(”_.."2+3)H(n—"+2) G B H(,,__"1+1)H£,_n+2) 4 10
F,= —H(,,—_"1+2) (,1_—"1+3) nT = H(’l—n+1)H("—_r1l+3) ( . )

where H'?’ are the Hankel determinants defined in (3.14) but with o, replaced by 48,
defined by

8, =—pn n=12,...
=, n=0,-1,-2,.... (4.11)
We are now ready to prove the main result of this section.

Theorem 4.2. The pNLs equation (4.1) has the following solution for given Q,(?) when
the boundary condition Q_,(¢) =exp(2it) holds:

(=n+1)7%
Qn(t)=(—1)"+1exp(2it)[ I_;(tl,,) ] n=1,2,... (4.12)
n+1

where the Hankel determinants are those defined above corresponding to the 8, and
i, i are solutions of the linear equations

i1 =[2+ Qo exp(—2it) — QF exp(2it) |y — igh + ey k=2,3,... 413)
pi=Qf p2=2Q8 +|Qol” exp(-2it) — Q3 exp(2it) — exp(—2it) —i Q¥

and

Pk-1= fiker — [2+ Qo exp(—2it) — Q¥ exp(2it) ik + itk k=-2-3,...

o= exp(—2it) 1oy =—Q, exp(—4it) (4.14)

f-2= Qf exp(—4it) —iQ, exp(—4it) —2Q, exp(—4it) — | Qo> exp(—2i1) + exp(2it).

Proof. 1t is straightforward to prove by equating powers of A that W=-L/A is a
solution of (4.6) when (4.13) hold. Similarly W=—L/A is a solution of (4.6) when
(4.14) hold. From (4.8)

n+1

Q¥ =exp(-2it) [] G, n=1,2,... (4.15)
m=1

and (4.12) follows on using (4.10).
The linear equations for the u, and 4, may be simplified as was done for the w,
in the KvM case.

Corollary 4.2.
wr = —exp(—2it)o.,/ o, k=1,2,... (4.16)
e =exp(=2it) &,/ 0, k=0,-1,-2,... (4.17)
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are solutions of (4.13) and (4.14), respectively, when

10k = Ok — Oksr k=1,2,3,... (4.18a)

—ig; =[Qq exp(—2it) — QF exp(2it)]o, (4.18b)

o,=—Qf exp(+2it)o, (4.18¢)
and

i )= Gr_y— O k=-1,-2,-3,... (4.19a)

—id_, =[Qq exp(—2it) — Q¥ exp(2it)]&_, (4.19b)

G_,=—Qgexp(—2it)d_,. (4.19¢)

Equations (4.18) and (4.19) are the final form of the linearisation of the pNLs with
boundary condition Q_, =exp(2it). Thus, given Q,, we may use these equations to
compute the o, and &, and hence through (4.16) and (4.17) the u, and g.. The Q,
are finally obtained from (4.12).

A simple non-trivial solution of (4.18), (4.19) in terms of Bessel functions of the
first kind is obtained by taking

Qo= —[1+3Jo(—2it)] exp(2it). (4.20)
Since J,(—2it) is real for real t, we may take
o (ty=1=0_,(1) (4.21)
this choice being consistent with (4.18b) and (4.19b). Substituting in (4.18¢) and (4.19¢)
oo(1) = 1+3J(=2it) = &_,(1). (4.22)
Using the recurrence relation:

Jeor(3) = Jna(x) =2 22X (423)
dx

in the equations (4.18a) and (4.19a), it is easy to show that

[k/2

]
a(t)=1+ Z At 2a(—2it) k=23,... (4.24)
n=1
and
. k2 )
G =1+(=1F Y A Ji_2a(=2i1) k=2,3,... (4.25)
n=1
where
A, =(-1)"" 2n# k
) 4.26
Ak_k/2=%(_l)k/2*] k even. ( )

The corresponding solutions for Q,(t) may be obtained in the manner outlined above
in the form of determinants whose elements are sums of Bessel functions.
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5. Discrete modified Kd¢v equation

Qur discussion of the DMKav
Qu()=[1- Qi(D)IQusr(1) = Q= y(D)] (5.1)

follows that of the previous section. Ablowitz and Ladik (1976) have shown that this
equation is given by the consistency of the evolution equations:

P =[A7— Qo1 Qv FLQuA + Qroi/ A Tva (5.2a)

Vo =[QuerA + Qu/ A 1w +[1/A% = Qe Qi lvai (5.2b)
with the eigenvalue equations:

Viker = AVt Quvai (5.3a)

Vare1 = Qi+ Var/ A, (5.3b)

Setting Z,(t) = v, (1)/ vai (1), We can, as previously, construct the continued fraction:
1 (1-1/Q)) (1-1/Q}) (1-1/Q3)
AQy A/Qu+1/(AQ)+A/Qi+1/(AQ:)+A/Qy+1/(AQ5)+. ...
From (5.2a, b), Z, satisfies the Riccati equation:

Zy=AQo+ Q_,/A+(A*=1/A%)Z,—(Q-1A + Qo/ ) Z5. (5.5)

Again this can be transformed into a singie linear differential equation when a simple
boundary condition is satisfied.

Zy(t)y=~

(5.4)

Theorem 5.1. Consider the DMKaJv lattice with boundary condition Q_,(t)=1. Then
W(t)=[Z,(t)—A]" satisfies the linear equation:

W=A+Qu/A+[AT+1/A%+2Q,] W. (5.6)

The proof is by substituting for Z, in terms of W in (5.5).
As previously, W can be expressed in terms of a T-fraction:

W=—I/A[lfg)wlfg]yﬁ-lfgzw...] Y= (57
where

F,=G,= Qo (5.8a)

F,=Qu2Q.1(1-1/Q5_)) Gn=Qn1/Qn2- (5.8b)

From (5.7), — W has formal power series expansions 25_; uA 2 and %o g A 2!
and they are related to the F, and G, through (3.14), (4.10) and (4.11). Thus we can
prove a result corresponding to theorem 4.2 of the previous section.

Theorem 5.2. The discrete modified kdv equation (5.1), with the boundary condition
Q-:(t)=1 has the following solution for given Q,(?):
H(’|—-n+l)
Qu(n)=(~1)"" =2 n=12,... (5.9)
Hn+l
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where the H{’ are the Hankel determinants given by (4.10) and (4.11), with u, and
iy solutions of the linear equations:

“k*—l:.u"’k_zoo.u’k—‘l“k—l ; k=2, 35 4;"' (5'10)
m1=Qo my=0Qo—2Q5+1

and
/lk—l=lzk—2?0ﬂk-/1k+l -k="2,."3, “42,--- (5.11)
fo=1 by =—Q Ho2=—Qo+2Q5—- 1.

The proof of this theorem follows that of theorem 4.2 and (5.10) and (5.11) follow
from substituting the above power series for W in (5.6) and equating powers of A.
Again the above equations for wu, and &, may be simplified.
Corollary 5.2.
“‘k=_o-k+l/a-l k=1,2,... (512a)
/.Ik=0~'k_1/0~'-1 k=0, "'1, —2,... (512b)

are solutions of (5.10) and (5.11) when

Oy = Oksz+ O k=1,2,... (5.13a)

01 ==2Q0, (5.13b)

o, =—Qua, (5.13¢)
and

Froy = G_r+ Gy (5.14a)

F_1=—-2Qy5_, (5.14b)

O, =—Q0,. (5.14¢)

This formulation may, as in the corresponding ones for the kvMm and DNLs lattices, be
used to generate a non-trivial solution of the bMKdv equations in terms of standard
functions. It corresponds to taking

Qo(t) = —1,(2t)/ Io(21) Q-()=1 (5.15)
where I,(x) are modified Bessel functions. Using the recurrence relation,
dl.(x
Ik—l(x)+1k+l(x)=2% (5.16)
x

the system of equations (5.13) and (5.14) may be solved to give
o (t)y=L,_,2t)y=a_, (1) k=1,2,.... (5.17)

The solutions for Q, are then obtained in the usual way as quotients of determinants
whose elements are those modified Bessel functions.
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